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Quantum sensing exploits fundamental features of quantum system to achieve highly efficient
measurement of physical quantities. Here, we propose a strategy to realize a single-qubit pseudo-
Hermitian sensor from a dilated two-qubit Hermitian system. The pseudo-Hermitian sensor exhibits
divergent susceptibility in dynamical evolution that does not necessarily involve exceptional point.
We demonstrate its potential advantages to overcome noises that cannot be averaged out by repeti-
tive measurements. The proposal is feasible with the state-of-art experimental capability in a variety
of qubit systems, and represents a step towards the application of non-Hermitian physics in quantum
sensing.
Introduction.— Non-Hermitian Hamiltonians usually
have complex energy eigenvalues and do not conserve
probabilities, thus presumably only serve as phenomeno-
logical descriptions of open quantum system [1, 2]. Re-
markably, a non-Hermitian Hamiltonian H with an
exact PT -symmetry [3–5] and more general pseudo-
Hermiticity (i.e. ηH = H†η with a Hermitian invert-
ible linear operator η) [6–9] can have real spectrum. The
discovery has opened a new avenue to intriguing non-
Hermitian physics in both classical and quantum sys-
tems [10–24]. In particular, the concepts of exceptional
point [25–27] and PT -phase transition [28, 29] lead to im-
portant experimental observations such as single-mode
lasers [30, 31], non-reciprocal light transport [32, 33],
non-Hermitian topological light steering [34], asymmet-
ric mode switching [35] and topological energy transfer
[36] when encircling an exceptional point.
Among a number of important applications, enhanc-
ing the sensitivity of energy splitting detection by using
exceptional points attracts increasingly intensive theoret-
ical interest [37–42]. The unique feature of exceptional
point based sensing is the divergent eigenvalue suscep-
tibility arising from the square-root frequency topology
around exceptional points [27]. Exceptional point based
sensing has been demonstrated in PT -symmetric linear
coupled-mode optic systems, with potential applications
for single-particle detection [43, 44] and optical gyroscope
[45]. Nevertheless, the singular behavior of the energy
splitting is counteracted by the eigenstate coalescence
[46–48]. Quantum sensing based on non-Hermitian qubit
system without involving exceptional points and its po-
tential advantages remain largely unexplored.
In this work, we propose a novel strategy to harness
a qubit probe with pseudo-Hermiticity as a resource for
quantum sensing by introducing an additional qubit an-
cilla [49–52]. The dilated two-qubit Hermitian system,
when exposed to a parameter-dependent weak field, re-
produces an effective pseudo-Hermitian qubit sensor by
postselection, inheriting the influence of the parameter.
The eigenstate coalescence without involving exceptional
point induces divergent susceptibility in the normalized
population of the pseudo-Hermitian qubit sensor, which
offers advantages for quantum sensing under realistic
noises that cannot be averaged out by repetitive measure-
ments [53–57]. The experiment demonstration is feasible
in trapped-ion systems and other physical systems.
Initialization Evolution Measurement
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FIG. 1. The quantum circuit representation of our pseudo-
Hermitian quantum sensing protocol. Y (θ) denotes a rotation
of the ancilla qubit around yˆ axis by an angle θ to prepare the
initial state of the two-qubit dilated system. The two-qubit
dilation system evolves under the Hamiltonian Htot. The
effective dynamics of the sensor system conditioned on the
postselection measurement of the ancilla qubit is described
by an effective pseudo-Hermitian Hamiltonian Hs(δλ). The
outcome of the measurement on the sensor system reveals the
information about the parameter λ. The coalescence of the
pseudo-Hermitian Hs(δλ) provides an advantageous resource
for quantum sensing.
Basic principle.— While our proposal is completely
general for a generic pseudo-Hermitian Hamiltonian with
eigenstate coalescence [58], we start from a simple two-
level system with a pseudo-Hermitian Hamiltonian that
is described as
Hs(E , δ) = E
[
0 δ−1
δ 0
]
, (1)
with real eigenvalues ±E . The associated eigenstates
|φ±〉 ∝ |0〉±δ|1〉 symmetrically coalesce to |0〉 as |δ| → 0.
The above non-Hermitian Hamiltonian cannot be di-
rectly realized in a closed quantum system [52, 59]. In
order to achieve an effective pseudo-Hermitian quantum
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2system satisfying the following Schrödinger equation
i∂t |ψ(t)〉s = Hs |ψ(t)〉s , (2)
we adopt a Naimark dilation approach [20, 22, 52] us-
ing an extended Hermitian system. The evolution of
the total system (including the system s and the ancilla
qubit a) |Ψ(t)〉 = |0〉a ⊗ |ψ(t)〉s + |1〉a ⊗ |χ(t)〉s follows
a dilated Hamiltonian H [58]. The Naimark dilation ap-
proach implements a mapM : H 7→ Hs, which realizes an
effective pseudo-Hermitian dynamics |ψ(t)〉s of the sys-
tem s conditioned on the ancilla qubit state |0〉a from
a two-qubit Hermitian Hamiltonian [50]. We note that
|χ(t)〉s = η|ψ(t)〉s with η a positive Hermitian operator
fulfilling the condition (η2 + 1)Hs = H†s (η2 + 1) to guar-
antee the Hermiticity of the dilated Hamiltonian H.
Our protocol uses a two-qubit dilated Hermitian sys-
tem to construct a pseudo-Hermitian quantum probe.
The main idea is represented by a quantum circuit in
Fig.1. Without loss of generality, we consider the de-
tection of a weak field acting on the sensor system that
is described in the form of Vs = λσ
(s)
x , where λ is the
parameter to be estimated. The full two-qubit dilated
system is described by the following total Hamiltonian
as
Htot = H+ 1⊗ Vs, (3)
with H = b1(a) ⊗ σ(s)x − cσ(a)y ⊗ σ(s)y satisfyingM(H) =
Hs(δ), which is the effective Hamiltonian of the pseudo-
Hermitian sensor in Eq.(1). As an example to demon-
strate the essential idea of our proposal, we choose δ =√
ε/(1 + ε) and E = 2ω√ε(1 + ε), and write the Hamil-
tonian Eq.(1) in the following familiar form
Hs(ω, ε) = 2ω
(
0 1 + ε
ε 0
)
. (4)
In the presence of an external weak field λ, we follow the
Naimark dilation approach to derive the effective Hamil-
tonian for the system. By defining bλ = 4ωε(1 + ε)/(1 +
2ε) + λ and c = 2ω
√
ε(1 + ε)/(1 + 2ε), we find that
|χ〉s = ζˆs|ψ〉s with ζˆs = diag [κ, (c+ κbλ)/(bλ − κc)],
where κ is a parameter depending on the initial condition
[58]. For simplicity, we choose the parameter κ = δ, and
the dilated two-qubit system is initialized in the state
|Ψ(0)〉 ∝ (|0〉a + δ|1〉a)⊗ |0〉s by a rotation of the ancilla
qubit around yˆ axis by an angle θ = 2 arcsin(δ/
√
1 + δ2)
which is denoted as Y (θ), see Fig.1. In this case, the ef-
fective Hamiltonian governing the dynamics of the sensor
system’s state |ψ(t)〉s is found to be Hs (δλ) =M (Htot)
[58] with the eigenvalues ±Eλ, wherein
Eλ =
√
b2λ + c
2,
δλ = (λ+ 2εω)/Eλ.
(5)
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FIG. 2. The evolution of the normalized state population of
the pseudo-Hermitian sensor system S(λ, t) (see Eq.(5) and
Eq.(7)) as a function of time. The population exhibits sharp
dips at time tj = (j − 1/2)pi/Eλ (j ∈ Z+) with a narrow
width ∆t = 2
√Dλ/Eλ. The comparison of the results from
different values of λ, including λ = 0 (purple) and (λ/εω) +
2 = (0.072, 0.172, 0.272, 0.372, 0.472, 0.572, 0.672) (from top
to bottom), demonstrate that both the location and the width
of the dips are dependent on the parameter λ. The sharp
dip in combination with the λ-dependent dip location and
dip width lead to the feature that S(λ, t) becomes extremely
sensitive to the parameter λ when the evolution time is set
close to tj |λ=0. The inset shows a zoom in view around t1|λ=0
(red dashed line). The other parameters are ε = 0.01, ω = 1.
It can be seen that the effective pseudo-Hermitian
Hamiltonian incorporates the influence of the parame-
ter λ that is to be estimated. After an evolution time t,
the state of the sensor system becomes
|ψ(t)〉s = 1
2
[
e−iEλt|φ+(λ)〉s + eiEλt|φ−(λ)〉s
]
, (6)
with the eigenvectors |φ±(λ)〉s = |0〉s±δλ|1〉s. We calcu-
late the exact expression for the normalized population
in the state |0〉s of the pseudo-Hermitian sensor system,
conditioned on the ancilla qubit state |0〉a as follows
S(λ, t) =
1
1 +Dλ tan2(Φλ,t) , (7)
with Dλ = δ2λ and Φλ,t = Eλt. It can be seen that when
Φλ,t ' pi/2, S|Dλ=0 = 1, while a small non-zero value
of Dλ will result in a significant change of S|0<Dλ1 →
0. Thus, the population signal in Eq.(7) would be quite
sensitive to the parameter λ when 0 < Dλ  1 and
Φλ,t ' pi/2, which can be viewed as a parametric analog
of subwavelength "dark state" optical potentials [60, 61].
Therefore, the system can serve as an efficient sensor for
the determination of the parameter λ.
Divergent feature of susceptibility.— The most remark-
able feature of the normalized state population S(λ, t) is
that it shows ultra-sharp dips if the eigenstates |φ±〉s
nearly coalesce with each other (namely 0 < Dλ  1).
Such an observation is verified in Fig.2, in which the pop-
ulation S(λ, t) exhibits sharp dips with a narrow width
3∆t = 2
√Dλ/Eλ when the evolution time t = tj nearly
satisfying the condition Φj = Eλtj = (j−1/2)pi (j ∈ Z+).
Both the location tj and the width ∆t of the dip de-
pend on the parameter λ as (∂tj/∂λ)/∆t ∼ ε−1ω−1 and
(∂∆t/∂λ)/∆t ∼ ε−3/2ω−1 for the measurement working
point λ/ω + 2ε ∼ ε3/2 [58], which implies that a slight
change of λ can result in prominent dip shift and narrow-
ing (or broadening) as compared to the dip width itself.
Therefore, one can expect that S(λ, t) would become ex-
tremely sensitive to the parameter λ if the evolution time
is set close to tj(λ0), where λ0 represents an approximate
value of the parameter λ.
As an illustrative example, we set the evolution time
as τ = pi/4ω
√
ε(1 + ε) and thus S(λ, τ)|λ=0 = 0. When
λ = −2εω, the two eigenvectors coalesce to |0〉s, δλ = 0
making the spin always stay in the state |0〉s, namely
S(λ, τ)|λ=−2εω = 1. To obtain the explicit form for
the peak width ∆λ, we consider the regime in which
|(λ/εω) + 2| ≤ 2, and get the following result up to the
second-order of (λ/εω) + 2 as
S(λ, τ) ' pi2α2ε/
[
pi2α2ε+ (
λ
εω
+ 2)2
]
(8)
with α = (1/8)(λ/εω)2 − (λ/εω). From this approxi-
mate formula, it is straightforward to find that the peak
width is ∆λ ' 3piε3/2ω. In addition, we can also de-
rive the susceptibility χλ = ∂S/∂λ, which indicates how
sensitive the population S(λ, τ) would response to the
change of the parameter λ under a given evolution time
τ . Detailed calculations show that when λ = λo which
satisfies λo/ω+ 2ε = 2.72ε3/2, the maximum susceptibil-
ity |χλ|max ' 0.14ε−3/2ω−1 ∼ ε−1E−1 is obtained [58],
exhibiting divergent behavior for an infinitesimal ε. Note
that the divergent feature may appear far away from an
exceptional point when the energy splitting (∼ E) is a
constant finite value. We remark that λ = λo represents
the optimal measurement working point for the estima-
tion of the parameter λ.
Analysis of sensing performance.— The experimental
realization of a pseudo-Hermitian qubit sensor relies on
the conditional evolution in a dilated Hermitian quan-
tum system [20, 22, 52]. This approach results in a fi-
nite success probability γ(λo, τ) ' (7.4− 10.4
√
ε)ε2 [58],
which equals to the probability of the ancilla qubit in
the state |0〉a, see Fig.1. As expected, there is a trade-off
between the enhanced susceptibility and the decreased
success probability when setting ε  1. We investigate
this trade-off by invoking the quantum Fisher informa-
tion (QFI) analysis. The normalized state of the pseudo-
Hermitian sensor is
|ψ(τ)〉s
‖ψ(τ)‖ = S
1/2(λ, τ)|0〉 − i [1− S(λ, τ)]1/2 |1〉. (9)
In an experiment involving N experiment runs, the QFI
for all successful measurements is found to be I(λ) =
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FIG. 3. Pseudo-Hermitian quantum sensing with the dilated
Hamiltonian in Eq.(3) for the estimation of the parameter λ.
(a) The normalized state population S(λ, τ) of a fixed evolu-
tion time τ = pi/(2E) as a function of λ/(εω), shows a sharp
peak located at λm = −2εω. The derived analytical result in
Eq.(7) (blue line) agrees well with numerical simulation (red
circle). In the proximity of the peak, the approximation of
the state population in Eq.(8) (green) allows us to derive the
peak width ∆λ ' 3piε3/2ω. (b) The peak width as a function
of the parameter ε, becomes ultra-sharp as ε → 0. The full
peak width ∆λ = ∆λ+ +λ− (orange dots) is obtained by nu-
merically solving S(λm+∆λ+) = S(λm−∆λ−) = 1/2, which
is well fitted by ∆λ = 3piε3/2ω (red dashed). (c) The suscepti-
bility reaches the maximum value |χs(λ)|max ' 0.14ε−3/2ω−1
which serves as the optimal measurement working point. The
solid line is calculated exactly from Eq.(7) and the dashed
line corresponds to an approximate analytical result, which
enables us to derive information on the optimal measurement
working point see Ref. [58]. The other parameters are ω = 1,
ε = 0.01 and κ = δ.
γNχ2λ/[S (1− S)], which gives I(λo) ∼ Nε−1ω−2 where
λo is the working point with the maximum susceptibility.
As comparison, for the dilated two-qubit system, an up-
per bound of the QFI for the parameter λ can be derived
as Kλ = 4Nτ2 ∼ Nε−1ω−2 with τ ' pi/4ω
√
ε [58]. We
stress that I(λ0) ∼ Kλ albeit the small success probabil-
4ity of the postselection measurement, implying that this
particularly small sub-ensemble of all measurement out-
comes, which reproduces the pseudo-Hermitian dynam-
ics, is actually sufficient to achieve the QFI of the same
order as the total system. Furthermore, our following
analysis shows that, the pseudo-Hermitian qubit sensor
can provide superior performance over conventional sens-
ing method of Ramsey-type interferometry when consid-
ering realistic noise [54].
For each experiment run, we assume that the readout
of the sensor system is accomplished by state-selective
fluorescence [62], where m0 and m1 photons are col-
lected corresponding to the state |0〉s and |1〉s respec-
tively. Without loss of generality, we assume that m0 >
m1. The optical readout thus maps the sensor sys-
tem state into random variables nj = S(λ)N (m0, σ2) +
(1 − S(λ))N (m1, σ2) + ξj denoting the photon num-
ber in the j-th experiment run, where N (ms, σ2) rep-
resents the Gaussian distribution with the mean value
ms and the variance σ2. Apart from Gaussian noise,
we also take into the other realistic noises in experi-
ment, e.g. time-correlated background photons and de-
vice fluctuations, which is denoted by ξj . Under these
conditions, implementing an optimal estimator to achieve
the Cramér-Rao bound would require detailed knowledge
about noises, which is challenging for typical experiments
[54]. More practically, we can choose an estimator as
Sˆ = (1/N)
∑
j (nj −m1) / (m0 −m1), treating each ex-
periment run equally. With detailed analysis [58], we find
that the mean value is 〈Sˆ〉 = S(λ) and the variance is
(δS)
2
=
(1− S)S
(γN)
+
σ2
(γNm2)
+
1
(γ2N2m2)
∑
ij
〈ξiξj〉 ,
(10)
where m = m0 − m1 defines the readout fluorescence
contrast between the state |0〉s and |1〉s. In Eq.(10), the
first and second terms result from shot noise and Gaus-
sian noise respectively, both satisfying standard quan-
tum limit. Whereas the last term leads to a constant
value ξ2/m2 independent of N for fully correlated back-
ground noises with 〈ξiξj〉 = ξ2, which represents the in-
evitable noise that cannot be averaged out by repetitive
measurements [53, 57]. Therefore, under the condition
of γN  1, we obtain δS ' ξ/m. In Ramsey-type
interferometry, the population signal can be written as
d(λ) = (1 + cos(2λτ)) /2. Similar analysis allows us to
obtain the corresponding variance as δd ' ξ/m when
N  1.
Based on the above analysis of susceptibility and noise,
we can estimate the measurement sensitivity in the limit
of large N repetitive experiment runs, which is quantified
by the minimum parameter change that can be detected
above the noise level, as follows
δλ
(s)
min ' δS/ |χλ|max ∼ (ξ/m)
(
ε
√
ε
)
ω. (11)
The Ramsey-type method yields δλ(d)min = δd/(∂d/∂λ) '
δd
√
εω ∼ (ξ/m)ω√ε for the same measurement time
τ ' pi/4ω√ε. The ratio between δλ(s)min and δλ(d)min is thus
given by δλ(s)min/δλ
(d)
min ∼ ε, which indicates that our pro-
posal offers enhanced sensitivity than the conventional
Ramsey-type interferometry when there exists noise that
is not dependent on the number of repetitive measure-
ments [55, 56].
Feasibility of experimental realizations.— The proposal
can be realized in a number of physical settings, which
requires the engineering of the dilated two-qubit Hamil-
tonian in Eq.(3). As an example, it can be implemented
with trapped ions such as Yb171 + ions in a linear radio-
frequency Paul trap, where tunable spin-spin couplings
have been realized using multiple transverse motional
modes [62, 63]. Effective two-level spins are represented
by |F = 1,mF = 0〉 and |F = 0,mF = 0〉 hyperfine
ground states of Yb171 + ions with frequency splitting
ω0/2pi ≈ 12.6GHz, whose coherence time can exceed 1s
[62]. Spin-dependent forces excite virtual phonons which
mediate the required interacting Hamiltonian between
two ions H = B(I ⊗ σx) + J(σy ⊗ σy). The parame-
ters J/2pi = 10kHz and B/2pi ≤ 1kHz are achievable
as reported in the experiments [63], which lead to an
interrogation time τ ' pi/2J ≈ 25µs (well within the co-
herence time) for a single experiment run. We remark
that the required Hamiltonian in Eq.(3) can also be re-
alized in other physical systems, such as solid-state spin
system in diamond and superconducting qubit system.
In particular, the implementation of non-Hermitian dy-
namics based on Naimark dilation has been achieved us-
ing nitrogen-vacancy center in diamond by selective mi-
crowave pulses [52] and single-photon interferometric net-
work [22], which facilitates the experimental realization
of the present proposal.
Conclusion & Outlook.— We present a strategy to re-
alize pseudo-Hermitian sensing with a single-qubit probe
by embedding it into a dilated two-qubit Hermitian sys-
tem. The eigenstate coalescence leads to divergent sus-
ceptibility in the normalized state population of the
pseudo-Hermitian probe system conditioned on the mea-
surement outcome of the ancilla qubit. We illustrate the
advantages of our sensing strategy under the influence
of realistic noises in addition to the shot noise. The
proof-of-principle experiment realization is feasible us-
ing trapped ions and solid-state spins among other phys-
ical systems. We emphasize that the eigenstate coales-
cence does not necessarily lead to degenerate eigenvalues,
therefore our strategy does not rely on the existence of ex-
ceptional points [58]. Therefore, the proposal is expected
to provide a new way to exploit non-Hermitian physics
for quantum sensing and quantum metrology using qubit
systems.
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